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Shallower regions in the oceans can act as lenses, focusing the energy of tsunamis, typically
onto cusp points where two caustic lines meet. Diffraction theory enables calculation of the
profile of a tsunami wave propagating through a cusp. The wave elevation depends on
position, time and two main parametersM and B: the large parameterM is the distance of
the cusp from the lens, divided by the local wavelength of the tsunamiwithout focusing, and
B quantifies the spatial extent of the initial disturbance. Focusing amplifies the wave by a
factor A proportional to M 1/4 and can potentially multiply the tsunami energy
(proportional to A2) 10-fold over a transverse range of tens of kilometres.
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1. Introduction

Tsunamis (Synolakis & Bernard 2006) are long waves on the surface of shallow
water (Lamb 1932; Jeffreys & Jeffreys 1956), which can propagate far from an
underwater source. On an ocean of constant depthH, the front travels with a speed

v Z
ffiffiffiffiffiffiffi
gH

p
ð1:1Þ

(e.g. approx. 700 km hK1 forHZ4 km). For varying depth h(r), the changing speed
corresponds to a refractive index proportional to 1=

ffiffiffiffiffiffiffiffiffiffi
hðrÞ

p
. This is higher where

the ocean is shallower, so such regions (corresponding, for example, to underwater
ridges or islands) can act as lenses (figure 1), focusing the tsunami energy and hence
increasing its destructive potential.

My purpose here is to provide an analytical description of the form of the
tsunami wave in typical focal regions in the open ocean, i.e. away from coasts.
The theory is complicated by three effects. The first is dispersion: waves of
wavevector k, representing Fourier components of the initial disturbance, have
frequency depending on the magnitude kZjkj according to (Lamb 1932)
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where, in the long-wave approximation appropriate to tsunami propagation, only
linear and cubic terms need be retained. This dispersion relation assumes small
surface elevations on an incompressible, inviscid, irrotational flow.
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Figure 1. Caustic of tsunami focused by an underwater island ‘lens’.

Table 1. Numerical estimates for three different tsunamis, specified by the radius R and height Hi

of the island lens and the distance D and size W of initial disturbance; from these quantities are
calculated: local wavelength L of tsunami arriving at lens, focal distance F, aberration parameter
g, diffraction parameter M, source size parameter B, focusing amplification A and transverse
extent Dy of strong focusing. All distances are in kilometres and ocean depth HZ4 km in all cases.

R Hi D W L F g M B A Dy

a 500 2 2000 10 96 786 0.66 28 0.13 3.37 88
b 100 2 1000 10 76 127 0.81 6.11 0.23 1.73 38
c 5 1 200 20 44 12 0.55 1.00 2.81 0.96 19
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From (1.2), the group velocity, in the direction ek of k, namely
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depends on k, and its maximum value corresponds to the speed
ffiffiffiffiffiffiffiffiffiffiffiffi
ghðrÞ

p
of the

tsunami front. Behind the front are oscillations, representing wavenumbers k that
have travelled more slowly. These waves intensify near the front, which can be
regarded as a caustic (fold catastrophe; Poston & Stewart 1978; Nye 1999) in
space–time. The result is the well-known Airy function tsunami profile (Jeffreys &
Jeffreys 1956), whose principal feature is that the local ‘wavelength’, i.e. the
distance between the first two wave crests (those closest to the front), after the
tsunami has travelled a distance D, in a time t, is (Berry 2005; for some examples,
see table 1)

LZ 3:02ðDH 2Þ1=3 Z 3:02ðvtH 2Þ1=3: ð1:4Þ

The Airy theory can, at least in the case of constant depth, be extended (Berry
2005) to provide highly accurate uniform asymptotic approximations to the wave
far from the front as well as close to it.
Proc. R. Soc. A (2007)



3057Focused tsunami waves
Second, underwater ‘lenses’ exhibit the two-dimensional analogue of spherical
aberration (Born & Wolf 2005), so the typical effect of focusing is to concentrate
the tsunami onto a cusped caustic (figure 1) rather than a focal point. ‘Typical’ is
used here in the sense of singularity theory (Poston & Stewart 1978) to denote
effects that are stable under perturbation: changing the profile of the underwater
lens will shift the focus, but it will remain a cusp. Therefore, a focused tsunami is
a caustic in space–time traversing a caustic fixed in space—a caustic on a caustic.

Third, the maximum group velocity occurs for kZ0, so tsunami theory
requires study of the long-wave limit, rather than the short-wave limit familiar in
geometrical propagation and focusing effects. In the asymptotic theory presented
here, the large parameter will be the distance from the lens to the focus divided
by the local wavelength L of the tsunami; because of the long-wave nature of
tsunami propagation, L increases with D (cf. (1.4)).

In tsunami focusing, these three characteristic effects—dispersion, the double
singularity corresponding to a space–time fold caustic on a spatial cusped
caustic, and long wavelengths—lead to an unusual wave profile described by an
unfamiliar diffraction integral.

The plan of the paper is as follows. Section 2 describes the underwater lenses
and the focusing they generate.

Section 3 gives the fundamental diffraction theory. Partially compensating the
complications just described are two simplifying features. First, over most of its
propagation range, the elevation of a tsunami wave (typically a metre or less) is
much smaller than H (typically several kilometres), justifying the use of linear
wave theory (Ward 2003); we do not consider shoaling, i.e. run-up on beaches,
where the tsunami causes destruction and where the nonlinearity must be
considered (Keller 1961; Keller & Keller 1964; Peregrine 1967). Second, close
to the cusp the component plane waves k are travelling in almost the same
direction, justifying the use of the paraxial approximation (Marcuse 1972;
Goodman 1985).

Section 4 gives the main result of the paper, namely a formula for the profile of
a typical tsunami wave as it travels through the focal cusp. The formula,
incorporating the three complicating features described above, is a function of
time, two coordinates on the water surface, and two parameters: one measures
the distance from the lens to the cusped image (in units of L) and the other
measures the spatial extent of the initial disturbance (also in units of L).

The most important consequence of focusing is amplification of the tsunami
wave. Section 5 gives, as a quantitative measure, a formula for the surface
elevation at the instant the tsunami front passes through the cusp divided by the
elevation of the front in the absence of focusing (i.e. when the depth is constant).
For realistic parameters, this amplification factor shows that a focused tsunami
can be several times larger than an unfocused tsunami that has travelled the
same distance. The transverse extent of strong focusing, also calculated in §5,
can reach tens of kilometres.

In previous work, an asymptotic theory of focusing has been given
(Dobrokhotov et al. 2006a,b), which neglects dispersion. Complementary to
this is a theory (Berry 2005) that incorporates dispersion fully but neglects
focusing. Numerical simulations of tsunami propagation (Lynett et al. 2003;
Titov et al. 2005) automatically incorporate focusing effects but do not usually
explore them in detail, and can also be regarded as complementary to the
Proc. R. Soc. A (2007)
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analytical treatment given here. As explained at the end of §2, evidence of
focusing can be seen in travel time maps of tsunamis in the Atlantic (Nirupama
et al. 2006), Pacific (NOAA 2006) and Indian (Bhaskaran et al. 2005) Oceans,
calculated from Huygens’ principle and bathymetric data as a disturbance

expanding at speed
ffiffiffiffiffiffiffiffiffiffiffiffi
ghðrÞ

p
from the source; as will be explained in §2, focusing

is indicated by kinks (sharp bends) in the travel time contours.
2. Underwater tsunami lenses

Referring to figure 1, we consider a localized elevated region of seabed with
height f(r), which we will call a submerged ‘island’, rising smoothly from an
ocean whose depth, far from the island, is the constant H. Thus, the ocean depth
over the island is

hðrÞZHKf ðrÞ; ð2:1Þ
and the refractive index, according to (1.1) is, for small f/H,
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Waves crossing the island in the x-direction experience a shift l in their ‘optical
distance’, which can be expressed as a function of the transverse coordinate y0
(figure 1) at the location xZ0 of the island
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The dominant focal behaviour depends on the small-y0 behaviour, namely
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where Fi is the focal length of the island lens and the length G quantifies the
aberration.

For definiteness, we consider an island modelled by the circular Gaussian
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r2

R2

� �
and ð2:5Þ

lðy0ÞZ
HiR

ffiffiffi
p

p

2H
exp K

y20
R2

� �
: ð2:6Þ

Then

Fi Z
HR

Hi

ffiffiffi
p

p ; G Z
HR3

Hi

ffiffiffi
p

p
� �1=3

and C Z
HiR

ffiffiffi
p

p

2H
: ð2:7Þ

If the island is at a distance D from the source of the tsunami (figure 1), it follows
from the lens formula that the tsunami energy is focused at a distance

F Z
DFi

DKFi

ð2:8Þ
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Figure 2. (a) Rays (2.11) (thin straight lines) enveloping a cusped caustic (2.13) and wavefronts
(2.17), i.e. contours of travel time (bold curves). (b) Travel time contours as in (a), but showing
only the first arrival.
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from the lens. Some numerical examples of island lenses are given in table 1.
There is no suggestion here that this circular Gaussian is a realistic model for
underwater lenses; the expansion (2.4) is valid much more generally.

In terms of F, the optical distance to the point {x, y} from {0, y0} is

dðy0; x; yÞZ xC
ðyK y0Þ2

2x
K

y2
0

2F
C

y40
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C/: ð2:9Þ

It is convenient to use scaled coordinates, in which distances are measured in
units of F, i.e.

h0 hy0=F; hhy=F ; xhx=FK1; ghG=F: ð2:10Þ

The scaled geometrical aberration constant g is of the order of unity; in the
theory to follow, we will retain g, but in numerical simulations we will set gZ1.
In scaled coordinates, the equation of the ray issuing from {0, h0} is, from
vdðy0; x; yÞ=vy0Z0 (Fermat–Hamilton principle of stationary optical distance),

hZKh0xC
h30ð1CxÞ

g3
: ð2:11Þ

This family of straight rays is shown in figure 2a. As can be clearly seen, they
envelop a cusped caustic.

The caustic is determinedby v2dðy0; x; yÞ=vy20Z0 (higher-order stationarity), i.e.

h20 Z
g3x

3ð1CxÞ ; ð2:12Þ
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from which elimination of h0 using (2.11) gives the explicit form

h2 Z
4

27ð1CxÞ ðgxÞ
3: ð2:13Þ

The travel time contours, i.e. the ‘wavefronts’ giving the loci of points reached at
times t, measured from the source event, by the tsunami travelling with speedffiffiffiffiffiffiffiffiffiffiffiffi
ghðrÞ

p
, are defined by

tðx; yÞZDCdðy0; x; yÞ
v

Z t; ð2:14Þ

with y0 determined by the ray equation. It is convenient to introduce the scaled time

th
vtKDKF

F
; ð2:15Þ

measured from the instant when the front crosses the focus. Then, (2.14) becomes

tðh0; x; hÞZ xC
h2K2hh0Kxh20
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h40

4g3
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with h0 determined by the ray equation (2.11). In explicit parametric form, the
contours are

xðh0; t;gÞZ
4tg6 C3h40g

3K2h60
2 2Ch20
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hðh0; t;gÞZKh0xðh0; t;gÞC
h30ð1Cxðh0; t;gÞÞ

g3
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For the important wavefront passing through the cusp, represented by tZ0, an
explicit approximation, accurate for jhj!1, is obtained from the leading-order
behaviour of the above equation for h(h0, 0, g), namely

hðh0; 0;gÞz
h30

g3
: ð2:18Þ

Thus, explicitly, the focal wavefront is

xðhÞz 3 hj j4=3gK2h2

2ðð2C hj j2=3ÞK2 hj j4=3gCh2Þ
: ð2:19Þ

The fractional deviation of this approximation from the exact wavefront (2.17)
vanishes at hZ0 and 1, and never exceeds 14%.

The travel time contours, calculated from (2.17), are shown in figure 2a,
superimposed on the rays. Before the geometrical tsunami front encounters the
cusped caustic, i.e. for t!0, the contours are smooth. After the encounter, i.e. for
tO0, each contour possesses two cusps and one self-intersection, representing
three successive arrivals of the geometrical front at points inside the cusp. The
self-intersection represents two fronts that have travelled further, having
passed by the side of the island; the third front has passed more slowly over
the middle of the island and lags behind. In geometrical language (Arnold 1986),
Proc. R. Soc. A (2007)



3061Focused tsunami waves
the double-cusped wavefront is a swallowtail singularity of Legendre type in
{t, x, h} space, associated with the focal cusp, which is a singularity of Lagrange
type in the {x, h} plane.

In ocean travel time maps, the common practice is to include only the first
arrival, as shown in figure 2b for the model lens considered here. The cusps are
thereby eliminated, and focusing is indicated only by kinks in the travel time
contours. Such kinks are common and visually obvious features of travel time
maps. As an example from the Atlantic, fig. 7 of Nirupama et al. (2006) shows
that a tsunami originating near Martinique, Caribbean, will be focused close to
the Azores; in the Pacific, NOAA (2007) shows that a tsunami originating near
the Kuril Islands, Russia, will be focused off the coast of Chile; and in the Indian
Ocean, Bhaskaran et al. (2005) show that tsunamis originating near Indonesia
will be focused close to the Kerguélen and Crozet Islands.
3. Paraxial theory of focused wave

Travel time maps, as shown in figure 2a, provide important practical
information, by predicting when the tsunami will arrive at different places.
But, even when extended to include the underlying rays and all arrivals
associated with the caustic, they give only the most primitive indication of the
structure of the tsunami wave. For a deeper understanding, it is necessary, in a
phrase attributed to B Kinber, to ‘sew the wave flesh on the geometrical bones’.

To achieve this, we begin by calculating the wave arriving at the underwater
lens, as a superposition of plane waves k with different frequencies and directions,
propagating from the source event at tZ0. This will be represented by an initial
ocean elevation z(r, 0) with total volume V and Fourier transform �zðkÞ, where
�zð0ÞZ1. For simplicity, we restrict ourselves to the case in which z(r, 0) has
circular symmetry, and we also neglect the contribution to the tsunami from the
initial distribution of water velocity; both restrictions can easily be relaxed.
Then, standard theory (Ward 2003) gives the subsequent elevation as

zðr; tÞZ V

ð2pÞ2
Re

ð ð
dk �zðkÞexpfiðk$rKuðjkjÞtÞg

Z
V

2p
Re

ðN
0
dk k�zðkÞJ0ðkrÞexpfKiuðkÞtg: ð3:1Þ

As explained elsewhere (Berry 2005), for large distances r from the source, it is
legitimate to replace the Bessel function J0 by its asymptotic approximation,
proportional to cos(krKp/4), even though the tsunami wave profile is dominated
by contributions from small k. Moreover, one of the two complex exponentials
comprising the cosine can be neglected because its contribution to the integrand
in (3.1) oscillates over the whole range of k and so cancels by destructive
interference. Retaining the other exponential gives the elevation of the tsunami
arriving at the lens as

zðr ; tÞZ Vffiffiffiffiffiffiffiffiffiffiffi
8p3r

p Re exp K
1

4
ip
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k

p
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With the cubic approximation (1.2) to u(k), this integral (including the factor Ok
reflecting the long-wave nature of tsunamis) can be evaluated approximately in
terms of Airy functions (Berry 2005); we will not need the formula here, but note
that it implies the local wavelength (1.4).

At the location of the lens, rZ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D 2Cy20

q
zDCy20=2D. The lens impresses a

y0-dependent phase shift kl(y0) (cf. (2.3)) on the wave (3.2). Further paraxial
propagation (Marcuse 1972) now gives the elevation of the focused tsunami at
the point{x, y} as a superposition of contributions from wavelets emanating from
points {0, y0} as

zðx; y; tÞZ V

4p2
ffiffiffiffiffiffiffi
Dx

p Re Ki
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KN

dy0

ðN
0
dk k�zðkÞexpfiðkðDCdðy0;x; yÞÞKuðkÞtÞg

� �
;

ð3:3Þ

where d(y0, x, y) is the optical distance (2.9).
A related application of diffraction theory to run-up on (non-submerged)

islands is given by Kanoglu & Synolakis (1998).
4. Profile of focused tsunami wave

To proceed further, we model the initial disturbance by a Gaussian with radius
W (not to be confused with the Gaussian underwater island (2.5) with radius R),

�zðkÞZ exp K
1

2
k2W 2

� �
: ð4:1Þ

Then, with the cubic approximation (1.2), the integral over k in (3.3) can be
evaluated exactly usingðN

KN
du iu exp
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This exactness is a consequence of the Gaussian form, but accurate
approximations, not given here, can be obtained for any initial disturbance.

It is convenient to employ the scalings (2.10) and (2.15) for the position and
time variables and to define the parameters M and B by

M h
2

H 2vt
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; Fz
2

H 2 DCFð Þ
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W 2M 2

F 2
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W 2

ðH 2vt=2Þ2=3
; ð4:3Þ
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and the variable X by

X hðtðh0; x; hÞKtÞM Z xKtC
1

2 1Cxð Þ h2K2hh0Kxh20
� �

C
h40

4g3

� �
M : ð4:4Þ

M is particularly important; it is the large asymptotic parameter of the theory,
with the physical interpretation of being proportional to the focal distance from
the lens divided by the local wavelength L (equation (1.4)) of the tsunami
arriving at the lens. B is proportional to the radius of the source divided by L.
Numerical examples are given in table 1.

Thus, the elevation becomes

zðx; y; tÞZK
V

F 3=2
ffiffiffiffi
D

p Zðx; h; tÞ; ð4:5Þ

where
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4
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The dependence on the parameters M, B and g has not been indicated explicitly;
actually, the number of parameters can be reduced from three to two by scaling,
but the resulting expression is not very convenient. The formula (4.6) is the main
result of this paper.

Since the wavefronts form a swallowtail singularity surface in {t, x, h} space,
it might be thought that the integral (4.6) is a swallowtail diffraction catastrophe
(Berry & Upstill 1980; Nye 1999) in disguise, at least for BZ0. But it is not,
because the full caustic in {t, x, h} space, obtained from the double integral (3.3),
is the union of the swallowtail surface and the t-independent cusp surface;
alternatively stated, the exponent in the double integral over k and y0 cannot be
transformed into swallowtail form. However, the integral (4.6) can be evaluated
numerically without difficulty, because of the fast convergence induced by the
Ch40 term in X (equation (4.4)).

For each choice of the large parameter M and the source size parameter B,
(4.5) gives the history of the tsunami, as it is being focused, in the variables
{x, h, t}. Figure 3 shows the history, in the form of a series of snapshots,
represented as density plots, for the case MZ10, BZ0, corresponding to a
sharply localized initial disturbance. Figure 4 shows three-dimensional
perspective views of the same wave. Before the focusing event, i.e. for t!0,
the advancing front is followed by a series of the familiar Airy oscillations. For
tO0, the oscillations are much stronger inside the cusped caustic curve, which is
a locus of dislocated oscillations, i.e. the wave crests inside are continuous with
the troughs outside. For larger M, and deeper within the cusp than is shown in
figures 3 and 4, there is interference between the contributions associated with
the three branches of the wavefront at each t; the corresponding approximate
form of (4.6), not given here, is a slowly beating superposition of three
combinations of Airy functions.

Figures 5 and 6 are the corresponding pictures for MZ20, BZ1. The effect of
the larger source B is to suppress the larger k contributions that generate the
Proc. R. Soc. A (2007)
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Figure 3. Density plots of tsunami height, represented by the function Z(x, h, t), computed from
(4.6) for MZ10, BZ0 for (a) tZK0.6, (b) tZ0, (c) tZ0.4, (d ) tZ0.8, (e) tZ1.2 and ( f ) tZ1.6.
The caustic is indicated by the thin curves, and the thick curve in (e) is the geometrical wavefront.
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oscillations following the front, so the tsunami is localized closer to the advancing
front. The kinked wavefront inside the cusp (figure 2a) is clearly visible,
especially in figure 5e.

As B increases further, the oscillations become weaker, and the tsunami profile
(4.6) becomes a Gaussian-broadened wavefront traversing the caustic: one
Gaussian outside and the superposition of three inside. Controlling this
transformation is the asymptotic relation

exp
1

12
B3C

1

2
BX

� �
Ai X C

1

4
B2

� �
/
B/N

1ffiffiffiffiffiffiffiffiffi
2Bp

p exp K
X2

2B

� 	
: ð4:7Þ

This corresponds to the extreme long-wave limit in which dispersion is negligible,
as can be confirmed directly from (3.3) after neglecting the cubic term in u(k); it
has been studied in detail by Dobrokhotov et al. (2006a,b).

A technical remark is that it might be thought that in (4.4) the factor (1Cx) in
the denominator of one of the terms can be replaced by unity, since x is small
near the focus. However, this replacement has the unphysical consequence that
for larger x the tsunami is contaminated by causality-violating precursors,
Proc. R. Soc. A (2007)
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arriving before the true initial front. By including the full factor (1Cx),
incorporating the wave associated with the optical distance (2.4) exactly,
causality is preserved.
5. Amplification at focus

Ameasure of the importance of the effect studied here is the elevation of the tsunami
as it passes through the focus, i.e. xZyZ0, tZ(DCF )/v. From (4.4) and (4.5), this is

zfochzð0; 0; ðDCFÞ=vÞZVM7=4g3=4

2p
ffiffiffiffiffiffiffiffiffiffi
F3D

p IfocðBÞ; ð5:1Þ
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where

IfocðBÞZKexp
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4
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4
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The focal elevation is the largest when BZ0, i.e. for a concentrated source, and a
calculation using the integral representation of the Airy functions gives

Ifocð0ÞZ
Gð1=4Þ

23=235=12Gð5=12Þ
Z 0:381201.: ð5:3Þ

Ifoc should be compared with the tsunami elevation at the corresponding event
when there is no focusing, given by (3.2) evaluated at rZvtZDCF

zunfoc Z
VM3=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8p3F3ðDCFÞ
p IunfocðBÞ; ð5:4Þ
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Figure 6. Three-dimensional views corresponding to figure 5.
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where, after scaling the integration variable k in (3.2),

IunfocðBÞZRe exp K
1

4
ip

� �ðN
0
dk

ffiffiffi
k

p
exp K

1

2
Bk2C

1

3
ik3

� �� �
: ð5:5Þ

Again the largest value is for BZ0 and an elementary calculation gives

Iunfocð0ÞZ
ffiffiffiffi
p

3

r
: ð5:6Þ

Including B, the amplification factor associated with focusing is therefore

Ah
zfoc
zunfoc

ZM 1=4g3=4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1CF=D

p
CsðBÞ; ð5:7Þ

where

C h
ffiffiffiffiffiffi
2p

p Ifocð0Þ
Iunfocð0Þ

Z 0:9337. and sðBÞh IfocðBÞIunfocð0Þ
IunfocðBÞIfocð0Þ

: ð5:8Þ

Figure 7, showing s(B), indicates that the amplification gets smaller as the source
gets bigger.

A consequence of the result (5.7) is that the amplification scales as M 1/4. The
tsunami energy is proportional to the square of the surface elevation, so the
amplification associated with focusing can represent a substantial increase
Proc. R. Soc. A (2007)
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Figure 8. Tsunami elevation near the focal wavefront, showing transverse focusing enhancement. For
each transverse position h, the maximum elevation is plotted for positions x close to the wavefront
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elevations occur for values of x slightly greater than those on the wavefront. Parameters are MZ10
(thin curve) and MZ40 (thick curve), gZ1, BZ0; the pictures for BZ1 are almost the same.
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in destructive potential. Table 1 shows some numerical illustrations. In cases
a and b, the focusing is a long-range effect and generates significant amplification
because the parameter M is large, i.e. the focal distance F is much greater than
the local wavelength L; in case a, the energy, proportional to A2, is enhanced by
a factor of the order of 10. In the shorter-range example c, L is larger than F, and
there is no enhancement; in effect, the tsunami is scattered by the island, rather
than being focused.

In view of the potentially serious practical implications of these focal
enhancements, it is important to assess the transverse range over which focusing
is significant. One possibility is to calculate the elevation on the focal wavefront
at the crucial instant tZ0. However, the maximum elevation occurs not exactly
on this wavefront but close to it, and it is the maximum elevation at tZ0 which
is plotted in figure 8 (in fact, the pictures exactly on the wavefront are similar).
As expected, the focal enhancement is restricted to a region, close to the cusp,
that gets smaller as M increases.
Proc. R. Soc. A (2007)
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For an estimate of the size of this region, we note that for points (x, h) on the
wavefront, the argument (4.4) of the Airy function in (4.6) satisfies
XZvX=vh0Z0. Therefore, in terms of the variable h1hh0Khc, where hc is
the stationary value of h0 at the point on the wavefront being considered,
expansion gives

X ZM
1

2

3h2c
g3

K
x

1Cxð Þ

� �
h21 C

hc

g3
h31 C

1

4g3
h41

� �
: ð5:9Þ

On changing to the variable uhh1M
1=4=g3=4, X becomes, close to the focus, i.e.

for small x,

X Z
3

2
u2aCu3a1=2 C

1

4
u4; ð5:10Þ

where

ah
M 1=2

g3=2
h2c : ð5:11Þ

Strong focusing corresponds to dominance by the u4 term, i.e. a!1, or after
writing hc in terms of the transverse variable h using (2.18),

h!
1

ðMgÞ3=4
: ð5:12Þ

This is consistent with figure 8. In the original physical distance variables, the
transverse extent of the region of strong focusing is

jyj!Dy Z
F

ðMgÞ3=4
Z

HFðDCFÞ
2g3

� �1=4

wðFL3Þ1=4: ð5:13Þ

For the three cases in table 1, the distances Dy are given in the last column.
6. Concluding remarks

The results presented here suggest that focusing is a potentially serious effect
that could make tsunamis more destructive where focal regions include sections
of coasts. It would be useful to identify a locus of source locations for which this
occurs, i.e. for which the cusp lies on a coastline. When the tsunami arrives at a
coast, the focal amplification will be further amplified during run-up onto the
beach—an important separate effect, not considered here, that has been much
studied (Peregrine 1967; Tadepalli & Synolakis 1994; Tadepalli & Synolakis
1996; Kanoglu & Synolakis 1998).

For definiteness, a single circular Gaussian model island has been considered.
Of course, as any modern atlas indicates, the topography of the floors of the
oceans is much more complicated: underwater islands are not circular or isolated,
there are underwater ridges, and depressions where the ocean is locally deeper.
However, the main result (4.6) relies only on the tsunami front passing through a
cusped focus, which is structurally stable against perturbations (Nye 1999),
provided these are smooth.

Depressions (‘anti-islands’) on the ocean floor, which might be thought to act
as defocusing lenses, can also generate cusped foci. An example is (2.5) with Hi

negative; an elementary calculation reveals two cusps beyond the anti-island, on
Proc. R. Soc. A (2007)
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either side. And even though the bottom profiles are not smooth, the effect
of small irregularities is exponentially attenuated at the surface (Ward 2003).
Small islands will cause weak scattering, and many of them will result in multiple
scattering, but kinks on calculated travel time contours suggest that focusing,
whose detailed profile has been calculated here, is the dominant effect.

I thank Prof. S. Dobrokhotov for helpful initial discussions; Prof. S. K. Dube for supplying the
Tsunami Atlas for the Indian Ocean; the Physics Department of the Technion, Israel, for
hospitality during drafting of this paper; and Prof. P. Shukla, Prof. J. H. Hannay and Prof. J. F.
Nye and an anonymous referee for helpful comments.
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