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Abstract. The purpose of this study is to propose a monetary growth model with capital accumulation and
gender labor supply. The real aspects of the model are based on the neoclassical growth theory and monetary
aspects of the model are based on the money-in-utility (MIU) approach. We show that the dynamics of the

economy can be described by 2 -dimensional differential equations. We simulate equilibrium and motion of the
economy with specified monetary policies, household preference and technology. As the monetary economic
system is unstable, the perfectly competitive economy may either experience unlimited growth or economic crisis.
We also examine effects of changes in some parameters on the economic equilibrium. For instance, we
demonstrate that as the woman raises her propensity to stay at home, the woman tends to stay longer at home
than before and the total labor supply is reduced, which also leads to a reduction in the total capital is also
reduced. The capital intensity is increased. Hence the rate of interest is reduced and the wage rate is increased.
The total capital, the total output, the wealth and consumption levels per-capita are all reduced. The fall in the
rate of interest reduces the cost of holding money, leading to the rise in the real money per capita.
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1. Introduction

This study proposes a monetary growth model with capital accumulation and elastic gender labor supply.
The supply side is basically the same as the Solow growth model. We introduce gender and money into the
neoclassical growth theory. Gender differences had been largely neglected in the literature of economic growth.
Most studies of gender economics tend to be concerned with the analysis at the microeconomic level. It is only
recently that gender issues have been examined in macroeconomic issues. In the neoclassical approach, it is
generally believed that gender inequalities resulting from disparities in human capital will wither away in
association with economic development [e.g., 1, 2, 3]. According to Boserup [4], there will be a curvilinear
relationship between economic growth and the status of women. Boserup argued that initial stages of economic
growth are characterized of a widening gap between men and women. Although productivity differences
between men and women at low levels of economic development are not large, as economic conditions are
improved, productivity differences tend to widen and a polarization and hierarchization of men’s and women’s
work roles tend to ensure. Furthermore, the roles may be ‘locked in” and possibly propagated by discrimination.
Nevertheless, further economic growth will bring about a closing of the gap. The pace at which the gap is closed
is dependent on many cultural, institutional, as well as economic factors. Over the years there have been a
number of attempts to modify neoclassical consumer theory to deal with economic issues about endogenous
labor supply, family structure, working hours and the valuation of traveling time with endogenous sexual
division of labor and consumption [5, 6, 7]. Nevertheless, one might argue that the contemporary economics has
failed to develop analytical frameworks to properly introduce sexual division of labor into economic growth
theory with capital accumulation, public goods and different fiscal policies.

This study is also concerned with effects of money on economic growth. A monetary economy is
characterized by that prices are expressed in money, transactions require money, and financial wealth can be
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held in the form of money or financial instruments competing with money. It is well known that modern analysis
of dynamic interaction of inflation and capital formation begins with Tobin’s seminal contribution in 1965.
Tobin [8] studies an isolated economy in which outside money competes with real capital in the portfolios of
agents within the framework of the Solow model. In the Tobin model there is also a real sector exactly like that
in the Solow growth model. We introduce money into the gender growth model with the money in the utility
(MIU) function approach, which assumes that money is held because it yields some services and the way to
model it is to enter real balances directly into the utility function. Eden [9, Chap. 2] provides the reasons why
money is introduced into the utility function. The approach was used initially by Patinkin [10], Sidrauski [11]
and Friedman [12]. Sidrauski made a benchmark contribution to monetary economics, challenging Tobin’s non-
neutrality result. He found that money is superneutral in steady state comparison and changes in the inflation rate
have no effect on all the real variables in the economy. Here, superneutrality of money means that the growth
rate of money has no effect on the real equilibrium. Nevertheless, it has become evident that his results are
dependent on the specific set-up of the model. There are many other issues and models related to interactions
between monetary policy and economic growth [e.g., 13]. It should be noted that this paper synthesizes some
models by Zhang. The gender division of labor and the utility function used in this study is based on Zhang [14].
The endogenous time and the MIU approach are respectively based on Zhang [15, 16]. The paper is organized as
follows. Section 2 defines the model. Section 3 analyzes the properties of the model. Section 4 carries out
comparative static analysis with regard to some parameters. Section 5 concludes the study.

2. The Monetary Growth Model

The production aspects of the economic system under consideration are similar to the one-sector
neoclassical growth model proposed. Production is generally described as combination of multiple
production factors such as natural resources, labor, and capital. Time is represented continuously by a
numerical variable which takes on all values from zero onwards. As our model exhibits constant returns to
scale, the dynamics (in terms of per capita) will not be affected if we allow the population of all the groups to
change in a constant growth rate over time. Let subscripts j =1 and j = 2 stand for man and woman

respectively. Let Tj (t) stand for the work time of a representative household of group j and N(t) for the

flow of labor services used at time t for production. There is only a single production sector in the economy
and labor is always fully employed. We measure N (t) as follows

N(D)= N, 1) @

where h; are the level of human capital of group j. We assume h; to be fixed.
We use the conventional production function to describe a relationship between inputs and output. The
function F(t) defines the flow of production at time t. The production process is described by a

neoclassical production function, F(t): F(K(t), N(t)). We assume that the output good serves as a

medium of exchange and is taken as numeraire. The rate of interest r and wage rates are determined by
markets. The production sector chooses the two variables K and N to maximize its profit. Let
0, (0 <0, <1) denote the depreciation rate of physical capital. The marginal conditions are given by

r(t)+ 5 = (k) w;(t)=hwit) wt)= (kD) - kO (k(t). 2)

Let IZ(t)(E K(t)/ N,) stand for per capita physical wealth. According to the definition of k(t) and
k(t), we have



IZ(’[) = (thl(t) +h, T, (t))k(t)' 3

Money is introduced by assuming that a central bank distributes at no cost to the population a per capita
amount of fiat money M (t) > 0. The scheme according to which the money stock evolves over time is

deterministic and known to all agents. With u being the constant net growth rate of the money stock, M (t)
evolves over time according to M(t)z LM (t) 4> 0. The government expenditure in real terms per
capita, r(t), is given by

= m = —) = ,um(t). 4)

The representative household receives ym(t) units of paper money from the government through a

“helicopter drop”, also considered to be independent of his money holdings. We now describe behavior of
consumers on the basis of Zhang’s approach to household behavior [16]. A representative household’s
current income y(t) is given by

y(t) = rtk ) + wOT, () + w, )T, (t) - z(t)m(t) + =(t),

where 7(t) is inflation rate. The total value of wealth that a household can sell to purchase goods and to

save is equal to a(t), where a(t) = IZ(t) + m(t). Here, we do not allow borrowing for current consumption.

We assume that selling and buying wealth can be conducted instantaneously without any transaction cost.
The disposable income is the sum of the current income and the wealth available for purchasing consumption
goods and saving, )7(t) = y(t) + a(t). That is

g(t) = rOk(t) + w(OT, () + w, (0T, () - 2(Om(t) + #(t) + alt).

Denote 'Fq(t) the leisure time at time t and the (fixed) available time for work and leisure by T,. The

time constraint is expressed by
T,)+T,t)=T,, a=1,2.
Substituting this time constraint into the disposable income yields
§(t) = rtk(t) + w, ()T, + w,[O)T, — w (T, () — w, ()T, (t) — #(t)m(t) + (t) + alt). (5)

We assume that at each point of time the household’s utility function for holding money, consuming
leisure and goods, and making saving is be represented by the following utility function

U(t)=m* OT O, t)c* t)s* 1) &, 00 & 4 >0,

where g, is called propensity to hold money, o,, and o, the husband and wife’s propensities to use
leisure, &, propensity to consume goods, and A, propensity to own wealth. The budget constraint is given
by

(L+ r(t))m(t) + c(t) + s(t) = 9(t).



Insert (5) in the budget constraint
(r+z)m+wT +w,T,+c+s=y=@0+rk +h w+r, (6)

where h, = (h1 + h, )TO. Here, we may interpret the variable V(t) as the potential disposable income as
it is the disposable income f/(t) when all the available time is spent on work (i.e., T =T;). The consumer

problem is to choose current money, consumption, and savings so that the utility is maximized. Maximizing
U (t) subject to (6) yields

r+z)m=cy, wT,=0,¥, W,T,=0,Y, c=&, s=1y, 7)
Where

1
Eg + 0y + 0 + & + 4

E= P&, OL=pP0y, 0,=p0yp, §=pPsy, A=ply, p=

The real wealth changes as follows
a(t)=s(t)-a(t). (8)

This equation simply says that the change in wealth is equal to saving minus dissaving. We have thus
built the model.

3. The Motion and Equilibrium of the Economic System

A First, we need to find equations which describe motion of the dynamic system. From the definition of Y,
7 =pu— m/mand (r + 7)m = &, we obtain

m=(r+u—gom—[L+r)ek —h, ew, 9)

where we use (3) and 7 = xm. According to the definition of S(t), the change in the household’s physical
wealth is given by

k=AY —k —m—m. (10)
From the definition of V(t) and 7 = m, we obtain

y=@0+rk +h w+ m. (11)
By (7) and (2), we have

-Fzzo_fl’ T2:O_T1+(1_O_)To’ (12)



where we use T, + 'ITq =T, and o = (o, h,)/(o, h,). From (3) and 12), we get

k=[hT, + @ - o)h, T, ]k, (13)

where h = h, + h, o. Substituting (11) and (13) into h, wT, = o, ¥ yields

T, =@k, m), T,=a,(k, m), (14)
Where
CI)l(k, m)E (1—U)h2TO(1+ I’)k + th-i-,um’ (Dz(k, m)EO'(Dl(k, m)-l-(l—O')TO,

hw/o, —h{L+r)k

in which @, is considered as a function of k and m because r and w are functions of k. Equation
(14) shows that we can express explicitly the time distribution as functions of k and m. We should require
that for any meaningful positive k, 0 STq (t)STO. We will not examine the conditions in detail as the
expressions are tedious.

From equation (13) and (14), we have

k =d(k, m)=[hd,(k, m)+ 1 -o)h,T,]k. (15)

Hence, we can express explicitly the time distribution as functions of k and m. Take derivatives of (15)
with respect to time

i LU PR (16)
k ok am

From (11) and (15), we have
y(k, m)= @+ r)®k, m)+h w+ zm. (17)
From (10), and (15)-(17), we get

0D,
om

((D 0D, m=Ay(k, m)— ® —m —m. (18)

—~ +hk jk‘+hk
K k

From (9), (15) and (18), we have the following two differential equations containing two variables, k(t) and

m(t)



M= A (K, m)= (4 g egdm — L+ Ped(k, m)— hew,
(= A, (k, m)= {iy(k, m-® - m _[ %cilem(k, m)}(% R 5;;1}_1. 19

The following lemma confirms that for any meaning solution of equations (19), all the other variables in the
dynamic system are uniquely determined as functions of k(t) and m(t).

Lemma 1l
The motion of m(t) and k(t) is determined by two differential equations (19). For any positive m(t) and

k(t), all the other variables are uniquely determined at any point of time by the following procedure: E(t) by
(15) > T, (t) by (14) > T, (t) =T, = T,(t) > f(t)= f(k(t)) - r(t) and w,(t) by 2) > y(t) by (17) >
(t), c(t) and s(t) by (7) » z(t) = zm(t)— N(t) by (1) > a(t)=k(t)+ m(t) > F(t)= f(t)N(t).

The lemma is important as it tells us how to follow the motion of the economic system, given proper initial

conditions. As the expressions are too tedious, we cannot easily interpret the analytical results. For illustration,
we specify the parameter values as follows

a==, A=12, N,=10, h =15, h,=09, T,=24, ©=0.03, ¢ =0.02

1
3 ' (20)
=0.09, 4, =084, o, =03, o, =04, & =0.05,

With the initial conditions, k(0)= 2.2 and m(0) = 7, the variables change as in Figure 1.
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The initial conditions are specified at the levels higher than their equilibrium points. The per capital real
money and capital intensity fall over time. The rate of interest rises in association in the fall of per work time
product. We see that the wage rates fall over time, but the work times are increased. As the work times are
increasing over time, the national product, total labor supply, and per capita consumption level are all increased.
It should be noted that if we simulate the economy longer, some variables will become negative. The reason is
that the monetary economy is unstable.

A steady state of the dynamic system is determined by



(r+u—gum—@L+r)ed(k, m)—h sw=0,
Ay(k, m)—® -m=0. (21)

We now try to determine equilibrium points. First, we note that at steady state 7 = & and S = a. From

s=a, a=m+k,s=Jy, and (11), we have

h,w+ (u —1/2A)m

k = 22
@/a-1-r) (22)
From (r + #)m = &y and a = Ay, we solve
K =(r ny —fj@. 23)
A1) €

From this equation and (22), we get

m:AO(k)E(((r +,u)£— ](%—1— rj—y+%j_lhgw. (24)

&

This equation expresses M as a function of K. Substituting (23) and (24) into (15) yields

‘P(k)z(r +ﬂ——j o @-o)h,T,@+r)k+hw+ uA, —(1—a)ﬂ=0. 25)
hek hw/o, — h{L+ r)k h

We have thus proved the following lemma.
Lemma 2
Equation (25) determines an equilibrium point of k. For a given k, all the other variables are uniquely

determined by the procedure: m by (24) — k by (23) — T, by (14) - 'Fq =T, -T, > f = f(k) ->r
and w, by (2) > y by (17) > 7 =pu —>candsby (7 »>z=mm—> N by (1) > a=k+m->
F=1fN.

With the parameter values specified as in (20), we find a unique meaningful solution of (25) as illustrated in
Figure 2.
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Fig.2: The existence of a unique equilibrium point

Following Lemma 2, we calculate the equilibrium values of the variables as follows

r=0.185, k=223, f =157, w, =157, w, =094, T, =15.11, T, =4.23,
m=7.35, k =58.93, c=7.10, N =289.29, K =589.29, F =414.90. (26)

We see that the system does not converge to its long term equilibrium with the initial state.

4. Comparative Static Analysis

The previous section identifies the unique equilibrium of the global economy and demonstrates that the
global economy is unstable. The monetary economic growth may suffer global crisis without government
intervention. It is straightforward to show that if the role of money is neglected and the economy includes
only “real variables”, then the economic growth model is characterized of a unique stable equilibrium. The
introduction of money causes instabilities in the model. This section examines impact of changes in some
parameters on the long term equilibrium point. It is important to examine impact of changes in parameters on
dynamic processes of the system. As the system is unstable, we are concerned only with comparative static
analysis. First, we examine the case that all the parameters, except the woman’s propensity to stay at home are

the same as in (20). We increase o, from 0.4 to 0.41. The simulation results are listed in (27). Here, symbol

A stands for the change rate due to the parameter change. As the woman raises her propensity to stay at
home, the rate of interest falls. As the woman raises her propensity to stay at home, the woman tends to stay
longer at home than before. As the work hours fall, the total labor supply is reduced. As the total labor
supply is reduced, the total capital is also reduced. The net result is that the capital intensity is increased.
Hence the rate of interest is reduced and the wage rate is increased. The total capital, the total output, the
wealth and consumption levels per-capita are all reduced as the woman likes more to stay at home. The fall
in the rate of interest reduces the cost of holding money, leading to the rise in the real money per capita.

Ar=-530, Ak =6.60, Af =Aw, = Aw, = 2.15, AT, =—2.85, AT, =-34.79,
Am=3.98, Ak =-1.36, Ac=-0.76, AN =—7.46, AK =—-1.36, AF =-5.47. 27)

We now increase the woman’s human capital level, h,, from 0.9 to 1.1. The results are listed in (28). As

the human capital is increased, the rate of interest rises. As the woman is more educated, the man’s wage rate is
reduced and the woman’s wage rate is increased. A rise in the woman’s human capital leads to a fall in the
capital intensity which tends to reduce both the woman’s and man’s wage rate. For the woman, the net result
of the rise due to the human capital improvement and the fall due to the reduced capital intensity makes the
woman’s wage rate to rise. The rise of the rate of interest makes the holding of money more costly, leading
to the fall in the real money. As the work hours are increased and woman’s human capital is improved, the
total labor supply is increased. In the association of the rise in the total labor supply, the total capital is also
increased. The net result is that the capital intensity is reduced. The total capital, the total output, the wealth
and consumption levels per-capita are all increased as the woman gets more education.

Ar=3577, Ak =-31.07, Af =Aw, =-11.66, Aw, =7.97, AT, =20.35, AT, = 216.36,
Am=-18.71, Ak =9.43, Ac=6.31, AN =58.75, AK =9.43, AF =40.24. (28)



The effects of a rise in propensity to hold money, &,: 0.02 = 0.03, are summarized. As the propensity to

hold money is increased, the rate of interest falls. Both man and woman reduces their work time, the woman
reduces more than the man. A rise in the propensity to hold money leads to a rise in the capital intensity
which tends to raise both the woman’s and man’s wage rate. The rise of the propensity to hold money makes
the household to have more money, which reduces the capital stock as predicted in the Tobin model. The
total capital, the total output, the wealth and consumption levels per-capita are all reduced.

Ar =-387, Ak =4.75, Af = Aw, = Aw, =1.56, AT, =-8.88, AT, =-70.27,
Am=4359, Ak =-13.83, Ac=-7.46, AN =—-17.73, AK =-13.83, AF =—-16.45.  (29)

We now increase the inflation policy, x, from : 0.03 to 0.04. The rate of interest is increased and the

capital intensity reduces which also leads to the falls in the wage rates. Both woman and man raise their
work time. The rest results are given in (30).

Ar =031, Ak =-0.38, Af = Aw, =Aw, =—0.12, AT, =0.84, AT, =6.67,
Am=-4.01, Ak =131, Ac=0.72, AN =1.68, AK =1.31, AF =156, (30)

5. Conclusions

This paper proposed a monetary growth model with capital accumulation and endogenous labor supply. We
also simulated the motion of model with the Cobb-Douglas production function and demonstrated effects of
changes in the parameters. As the monetary economic system is unstable, the perfectly competitive economy
may either experience unlimited growth or economic crisis. Because of the choice of the initial conditions and
the parameters, our simulation demonstrates a situation of economic declination. It should be noted that the
economy without money will converge to its long-term equilibrium. The introduction of endogenous money
makes the system unstable. We also carry out comparative static analysis with regard to some parameters. It is
well known that one-sector growth model has been generalized and extended in many directions. It is not
difficult to generalize our model along these lines. It is straightforward to develop the model in discrete time. We
may analyze behavior of the model with other forms of production or utility functions. There are multiple
production sectors and households are not homogenous.
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